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We consider unbounded derivations in C*-algebras commuting with compact 
groups of *-automorphisms. A closed *-derivation 6 in a C*-algebra 2I is said to 
be a generator if there exists a strongly continuous one-parameter subgroup t E IR --t 
r(t) c Aut(‘lI) such that 6 = d/dt r(t)/,=,. I f  6 is known to commute with a compact 
abelian action a: G + Aut(%), and if s(a) = 0 for all a in the fixed point algebra ‘u” 
of the action G, then we show that 6 is necessarily a generator. Moreover, in any 
faithful G-covariant representation, there is a commutative operator field y  E d + 
v(y) such that v(y)* =-v(y), v(y) is possibly unbounded but affiliated with the 
center of (a*}“, and efS(x) = xc’“(Y) for all x in the Arveson spectral subspace 
VI”(y). In particular, if ‘u is the CAR algebra over an infinite-dimensional Hilbert 
space and a is the gauge group, then any such derivation 6 is a scalar multiple of 
the generator of the gauge group. ’ 
1. INTRODUCTION 
The infinitesmal generator of a strongly continuous one-parameter group 
of * -automorphisms on a C*-algebra is a *-derivation, unbounded but with 
norm-dense domain in the C*-algebra. A given closed *-derivation is not 
necessarily the generator of a group of *-automorphisms. Hence an 
integrability problem presents itself which to some extent is the non-abelian 
analogue of the global integrability problem for vector fields. A novel feature 
in the C*-algebraic problem is the absence of an a priori given differentiable 
structure. The problem has been addressed by a number of authors [ 3, 5-91; 
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see also [2] for a survey. Recently, it has been shown that group invariance 
has important implications for the generation (alias, global integrability) 
problem [5]. In this paper we consider *-derivations commuting with a 
compact abelian group G of *-automorphisms. If the derivation is tangential 
or almost t’angential to the G-action in the sense that the derivation is small 
(i.e., zero or bounded) on the fixed point algebra the derivation is forced to 
be a generator in several circumstances. 
Firstly, if the domain of the derivation is equal to the set of G-finite 
elements in the algebra, the derivation is closable and its closure is a 
generator (Theorem 4.4). 
Secondly, if the derivation is closed and is zero on the fixed points under 
G, the derivation is a generator. Our proof of this fact is constructive, and 
can be used to classify such derivations by means of certain maps from the 
dual group d into skew-adjoint (possibly unbounded) operators affiliated 
with the center of the a-weak closure of the fixed point algebra in an 
arbitrary faithful representation; see Theorem 5.1 and its proof. 
Finally, if the derivation is inner on the fixed point algebra, one can 
perturb it to the second case and deduce that it is a generator 
(Corollary 5.2). 
2. PRELIMINARIES 
In this section we introduce the terminology, and mathematical structure, 
which will be employed throughout (the general reference is [3]): 
2I: a C*-algebra. 
Aut(2I): the group of all *-automorphisms of ‘?I. 
G: a compact topological group. 
a: G + Aut(2I), a strongly continuous representation of G in Aut(‘U). (The 
strong continuity is the requirement: lim ]] a,(a) - a ]I = 0 for g -+ e = the unit 
element in G, where a is a fixed but arbitrary element in the algebra 2I.) 
D(S): a norm-dense *-subalgebra of 11. 
6: D(S) + 3, a closed *-derivation with domain D(6) in VI. (The 
requirement on 6 is linearity, and the derivation identities (Leibnitz): 
cqab) = 6(u)b + u&b), 
&a*) = 6(u)*, for a, b E D(S).) 
6: the set of all equivalence classes of unitary irreducible representations 
of G. (Frequently an element y E G will be identified with a particular 
representation in the class.) 
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3. COMPACT ACTIONS ON C*-ALGEBRAS (REFS. [l, 3, 41) 
Let G and ‘11 be as above, and let a: G + Au@) be strongly continuous. 
For y E 6 we define 
P&4 = j dim(y) trace(YC d) a,(x) 4s 
G 
where dg is the normalized Haar measure on G, and 7 is the conjugate 
representation to y. Note that P, is a norm one projection. Moreover 
P,P,,=P, for y’ = y 
=o for y’ # y. 
The corresponding ranges 
PYM = V(y) = the spectral subspace corresponding to y, 
and particularly 
P,% = 2I” = the fixed point algebra, 
are closed subspaces. If G is abelian we have the characterization 
a,(x) = YWX, gE G, 
for the elements x in W(y). Clearly then 
,wYl> WY*) = U”(Y, + Yz) 
and 
‘u”(y)* = a=@) = ?I”(-y). 
It is known that these formulas have a useful interpretation [4] also for G 
non-abelian. 
An element x E ‘u lies in the algebraic span {a=(y): y E G} iff span 
{a,(x): g E Gl is finite-dimensional. Such elements are called G-finite, and it 
follows that the G-finite elements, 2I;, form a dense *-subalgebra of 2I. 
Let 6: D(S) + ‘u be a closed *-derivation commuting with (a, G), i.e., 
a@(6)) E D(S) for all g E G, and 6a, = a,6 on D(S). It is then clear that 
SPY = Pyd and hence 6 restricts to a closed operator 6, on 21a(y) with domain 
D(S,) = a@(y) no(S) f or all y E 6. The trivial element y = 0 yields a *- 
derivation 6, which is the restriction of 6 to the fixed point algebra U”. 
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4. THE GENERATION PROBLEM (REFS. [3, 8, 91) 
Let 6: D(6) + ‘u be a closed *-derivation in a C*-algebra 2I. Let r: R + 
Aut(‘U) be a strongly continuous representation of the additive group R, i.e., 
a one-parameter group of *-automorphisms. Then we say that 6 is the 
infinitesimal generator for r(t) = r, if 
l&l t - l (z,(x) - x) = 6(x) 
for all x E D(6), and if moreover the existence of the derivative on the left 
hand side of this expression characterizes the elements in D(S). If 6 is given, 
and if a strongly continuous one-parameter group tt exists with 6 as 
infinitesimal generator, then we say simply that 6 is a generator. 
In deciding when 6 is a generator we shall need the two ranges: R(I f S) = 
(x f 6(x): x E D(S)}, and the dual subspaces N, c ‘?I* given by 
N,={FE’U*:F(y)=OforallyER(If6)}. 
The two subspaces N, in the dual ‘?I* are called deficiency subspaces, and 
the numbers dim N, the deficiency indices. 
We say that 6 is well behaved if one of the following four equivalent 
conditions hold: 
(i) For all x E D(6), x > 0, there is a state o on ‘u such that 
w(x) = ]]x]] and (u(&x)) = 0. 
(ii) For all x E D(6), x > 0, and, for all states w satisfying 
o(x) = IIxII, we have w(6(x)) = 0. 
(iii) Each of the operators &6 is dissipative. 
(iv) ]]x + r&x)]] > ]]x]] for all r E R, and x E D(S). 
The equivalence of (i) through (iv) is known [9], as is the following 
FACT 4.1 [ 7,8]. Let 6: D(S) --t ‘?I be a closed *-derivation. Then 6 is a 
generator if and only if S is well behaved with deficiency indices (0,O). 
In the sequel we shall consider a closed *-derivation 6 commuting with 
a: G + Aut(U). We do not know in general if 6 is a generator when all the 
restrictions 6, of 6 to (u”(r) are generators, but the following weaker result 
suffices for our purposes. 
LEMMA 4.2. Let 6 be a closed *-derivation on a C*-algebra ‘u. Assume 
1. 6 commutes with a compact action a: G + Aut(U). 
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2. 6, generates a one-parameter group of isometries for each y E e. 
3. 3” ED(S). 
It follows that 6 is a generator. 
Remarks. 1. Condition 3 is in particular fulfilled in the case 6, = 0, 
and in this case condition 2 may be omitted when G is abelian 
(Theorem 5.1). 
2. In the case that !lI is simple with unit, condition 3 may be omitted. 
In this case we may apply an invariant mean to obtain a state w  on II” 
which is invariant under the action e”o. We extend w  to ‘u by the 
requirement 0 = w  0 P, . Then w  is G-invariant and o o 6 = 0. The 
associated representation n, is faithful, and working in this representation as 
in the proof of the lemma, one deduces that 6 is a generator. 
3. One cannot replace conditions 2 and 3 with the single condition 
that 6, is a generator (Example 6.1). One may replace conditions 2 and 3 
with the single condition that 6, is an inner derivation (Corollary 5.2), when 
G is abelian. 
Proof: By semigroup theory 
R(I + 15,) = W(Y). 
We show that the global deficiency indices of 6 are (0,O). Let FE N, , i.e., 
F(x + 6(x)) = 0 for all x E O(S). Then 
(P,*F)(P,x + 6,(P,x)) = 0 
for all x E O(S). But P&6) = D(S,), and it follows that PFF = 0 for all y. 
Hence F = 0. The same argument shows that N- = 0. 
To apply Fact 4.1 it remains to show that 6 is well behaved. To this end, 
fix a G-invariant state w  on VI and let (Zm, z,, a,) be the corresponding 
cyclic representation; see [3, Definition 2.3.181. As %I” CO(S) we have 
O(S,) = I[” and thus 6, is bounded. There exists an h = h* E z,((Un)” such 
that llhll Q ll~oll/2 and 
I, = ih ~(41 
for all x E %I” [3, Corollary 3.2.481. 
Let ,Mw = z,(U)“. As o is G-invariant, there exists a o-weakly continuous 
action a, of G on A, such that 
for all x E 2I ,[3, Corollary 2.3.171. We may form the spectral subspaces 
580/48/l-S 
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JEW(~) corresponding to the action a,, and the projections P,,, from ,mV, 
onto .Nzu(r) defined by 
p,,,(A) =I dim(y)trace(PCg)) a,,,(A) & 
G 
Each P,,, is u-weakly continuous and of norm one. 
We next show that there exists a u-weakly closed derivation 6, on &a 
such that x,(D(J)) is a core for 6, in the u-weak topology and 
~,kAx>) = %m)) 
for x E D(S). If x E U” the Cauchy-Schwarz inequality implies the estimate 
I d&(x))1 = IG4 i[k e)lQ)l 
< IW, 4xWl + I(e*m WI 
Q 11 hRIlo(x*x)“* + 11 hR )I l3(xx*)“* 
< ll4lll , yj- (w(x*x)l’* + w(xx*)“‘) 
< ll43l/ ,--p (w(x*x) + 0(xX*))“*. 
Since o is G-invariant one has 
w=woPo, 
where P, = l, dg ag . P, is a limit of convex combinations of completely 
positive maps of norm 1; hence P, is completely positive of norm 1. It 
follows that the generalized Schwarz inequality 
p&*x) > pldx*) Pll(x) 
is valid; see [3, Proposition 3.2.4, and proof]. If x E D(6) this implies 
I4(x))l = I 4pll &))I 
= I ~(PoWldX))I 
< ll4lll \- wp&*) PC@)) + 4Pcdx) po(x*W2 
fi 
< ll4lll - (o(Po(x*x)) + w(PO(xx*>>)“’ 
Jz 
ll4Ill 
= z (0(x*x) + w(xx*))“‘. 
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By [3, Proposition 3.2.281, there exists a symmetric operator H, on Xw 
such that 
and 
for all x E D(S) and IJ E D(H,). In particular this means that one may 
define an operator 6, on z,(D(S)) by 
~,kdW) = %hxx)). 
If v, v, E D(H,), then the map 
is a u-weakly continuous linear functional on AU. The linear combinations 
of the functionals (v, .(D) are norm-dense in the predual MU* of &,, and 
hence 6, is o-weakly closable. We denote its closure also by 6,. 
It is clear by closure that 6, commutes with a,, and we may from 
Ly= 41p”,, 
viewed as operators on A’>(r). 
Since Pw,y is u-weakly continuous it follows that 6,,, is u-weakly closed, 
and 6,,, is the a-weak closure of its restriction to n,(D(6,,,)). 
The projection P,,: ‘u + ‘u” is faithful, and there is a one-one correspon- 
dence between the set Eg of G-invariant states w  on 2I and the set E,, of 
states p on %I” given by 
o=poPo. 
Consequently, the direct sum representation 
7r= @ 7r, 
wcE¶’ 
is a faithful representation of ‘u. Put J= n(a)“, and let E, EM’ be the 
orthogonal projection from Z = @,RU onto Xw for each o E Eg. Then 
AE, =AU, and there exists a u-weakly continuous action B of G on A 
specified by 
WI E, = a,,,W,>. 
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One has a&n(x)) = z(aJx)) for x E ‘u, and if J”(y) are the corresponding 
spectral subspaces one verities that J’(y) E, =A2(y) for each y E G, 
COEE,G. 
Since each 6, is u-weakly closed, it follows that there exists a u-weakly 
closed derivation 8 on M such that n(D(8)) is a core for 8 in the a-weak 
topology and 
&r(x) = 7@(x)) 
for x E D(S). We may form the spectral projections P, corresponding to $ 
and the derivations 8, = 8PY as earlier. 
We argue that 87 generates a a-weakly continuous one-parameter group of 
isometries of J”(y). Let Jr be the restriction of 8, to @(By)). We have 
and & is the u-weak closure of 6,. Since 6, generates a one-parameter group 
of isometries one has by Hille-Yosida theory that 
and hence 
Also &i, is dissipative, 
ll(Z + 4J)(xll 2 II XII 
for all r E R, x E D(S,). As 71 is faithful it follows that 
IW + 4J~(4I 2 IV II 
for all A E D(&). 
If A EM”(y) it follows from Kaplansky’s density theorem [3, 
Theorem 2.4.161, that there is a net s” E !!I with (Jx,(I < IIA 11 such that x(~,) 
converges to A u-weakly. But then P&x,) = $PYx,) converges to 4 = P# 
u-weakly, and 1) PIx, 11 Q II A I(. Choose B, E D(6,) such that (Z + rS,)(B,) = 
n(PYx,), where r # 0 is fixed in I?. Then 
lIB”ll Q IIV + qJW”)lI = IPy~(X”)ll G II +z)ll Q IIA II 
for all n. Since the unit sphere of &i(y) is compact in the u-weak topology, 
it follows that a sub-net of {B,} converges in this topology to some 
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B EM’(y). As $ is u-weakly closed, it follows that B E O(8J and 
(I + d,)(B) = A. This argument establishes that 
(I + r8,)(D(Q) =-&J) 
for all r E R\{O}, and also that 
IV + qP)II 2 IlBll 
for all I E R and B ED(&). It follows from [3, Theorem 3.1.101, that 8, is 
the generator of a u-weakly continuous one-parameter group of isometries on 
Jw. 
By the reasoning in the beginning of the proof there exists an 
h = h* E&” such that j]h]] <I]&,/]/2 and 
8(A) = i[h,A] 
for A EM”. Define a new derivation 8’ on O(6) by 
&4)=S(A)-i[h,A]. 
8’ is a u-weakly closed derivation. Since h E MS it follows that 8 commutes 
with the’action 8, and 
8; = 6, - ad@) 
for all y E G. The operator ad(ih) generates the one-parameter group 
t+ eith . e-ith 
of isometries of &(JJ). It follows from Trotter’s formula [3, 
Corollary 3.1.311, that 8; is the generator of a a-weakly continuous one- 
parameter group of isometries on J&((y). In particular 
(I + rQ(D(S$ = d@(y) 
for rE IR\{O}. 
Let w  be a normal, G-invariant state on M (corresponding to a G- 
invariant state on 2I). As 8’(A) = 0 for all A EM” it follows that 
CL@(A)) = o(Po 8(A)) = c@(P&4))) = 0 
for all A E O(8). Consequently, there is a symmetric operator H, in the 
representation (ZW, IL,, 0,) corresponding to o such that 
WL) = G(@)) 0, 
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and 
for v E D(H,). H, is defined by 
H,n,(A) Q, = -in,(8’(A)) 0, ; 
see [3, Proposition 3.2.281. Hence 
(I + riH,) D(H,) = ~~((1 t t-8)(0(8’))) R, 
for all r E R\(O}. But (Z + r&(0(8’)) contains all the spectral subspaces 
n&&(y)) by the reasoning above. Since the linear span of the spaces 
&(y) is o-weakly dense in % and 7c, is normal, it follows that the range of 
(It riH,) is dense for each r E R\{O}. Consequently, H, is essentially self- 
adjoint, and thus 
for all r E R\{O}, by [3, Corollary 3.2561. As 0, x, is a faithful represen- 
tation of J it follows that 
IIV f rm4 2 IV II 
for all A E D(8). It follows that 8 is the generator of a u-weakly continuous 
one-parameter group of *-automorphisms of J [3, Theorem 3.2.5 11. (That 
the range of Z + r8 is equal to M follows from the inequality above, the fact 
that M’(y) lies in this range for each y, the linear span of these sub-spaces is 
a *-algebra o-weakly dense in A, and Kaplansky’s density theorem). 
As 8=8 t iad and h E & is bounded, it follows that 8 is the 
generator of a one-parameter group of *-automorphisms of A. It follows 
that 
IIV -I- 4WlI 2 IM II 
for all A E D(8), and restricting to r@(s)) c D(8) we obtain 
IIV -I- rW)ll > II4 
for x E D(6), r E R. Thus 6 is well behaved. 
This ends the proof of Lemma 4.2. 
The representation 71 used in the proof of Lemma 4.2 is quasi-equivalent to 
the Stinespring representation associated with the completely positive map 
rcO o P,, where rrO is the universal representation of ‘II”. One could replace rcO 
by any faithful representation of ‘u” in the proof. 
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If 6, = 0 we conjecture that 6 is necessarily a generator; but we have only 
been able to prove this when G is abelian (Theorem 5.1). Two special cases 
of the conjecture are established, for non-abelian G in [5]: 9I abelian, and 
‘3 = YSF(2’) = the compact operators on Hilbert space. 
LEMMA 4.3. Let 6 be a closed *-derivation commuting with a compact 
abelian action a: G -+ Aut(2l) on a F-algebra ‘u. Assume that 6, is well 
behaved on ‘u”. Then it follows that each of the operators =t6 is dissipative 
on aa for all y E G. 
Proof Let x E %I”(y), for some y E G, y # 0. If x E D(S), it follows that 
x*x E 2l” n D(S) = II@,). s ince 6, is well behaved there is a state w  on II” 
satisfying w(x*x) = /]x]]’ and w(~(x*x)) = 0. We extend o to an (a, G)- 
invariant state on 2I by the requirement w  = o o PO. 
Define p(y) = o(x*y) for y E ‘?ld(y). Then a, is a continuous linear 
functional on ?I”(r), and ll~ll < llwll IIx*Il. But P(X) = 4x*x) = 
II~II IIx*Il II4 H ence v, is a tangent functional to x in ‘u”(y). Now ~(6(x)) = 
0(x*6(x)) = 0(6(x*x)) - w(6(x*)x) = -0(6(x*)x) = -ip@jj = 
-m which is saying that ~(6(x)) is purely imaginary: Re ~(6(x)) = 0. 
In other words, the two operators &1r,a(y)nD(6) are dissipative as claimed. 
THEOREM 4.4. Let 6 be a closed *-derivation commuting with a compact 
abelian action a: G --f Aut(lI). Assume 
2l; c D(6). (*) 
It follows that 6 is a generator. 
Remark. If G is a Lie group then the G-smooth elements am(G) = 
{a: (g+ a,(a)) E P(G, ‘u)} contain 2l;. It follows that (*) is implied by 
‘?Ia(G) c D(S). Consequently, Theorem 4.4 is an analogue of a well known 
theorem on essential self-adjointness of symmetric Hilbert space operators 
commuting with Lie group representations. 
Proof: By assumption we have the inclusion mu(y) c D(S) for all y E G. 
But, for x E ‘X”(y), a well known manipulation with the closed operator 6 
yields 
P&4x)) = ( dim(y) WW) a,@(x)) & 
G 
= S(P,(x)) = 6(x). 
It follows that 6(x) E ‘u”(y), as well. Hence, 6, is bounded, by the closed 
graph theorem. As a result, exp(t6,) is defined by a convergent power series, 
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and the elements in 21a(y) are analytic for 6. (In our main result 
(Theorem 5.1), and in Example 6.2, it will not be true that every element in 
cUa(y) is analytic for 6. But in the proof we shall work hard to locate a dense 
set of analytic elements in ‘u”(y) for each y.) 
For y = 0, we note that 6, is a *-derivation, and bounded. Hence it is a 
generator of a one-parameter group exp(t&) of *-automorphisms. In 
particular, it is well behaved, by Fact 4.1. But Lemma 4.3 then implies that 
each of the operators +6, is dissipative for y # 0. This means that exp(t8,) is 
an isometry group. Lemma 4.2 now applies, and it follows that 6 is a 
generator. 
5. THE MAIN THEOREM 
In this section we introduce a tangential condition on the derivation 6 at 
hand, and show that the generator property is a consequence. 
THEOREM 5.1. Let G be a compact abelian group and a an action of G 
by *-automorphisms on a F-algebra 3. Let 6 be a closed *-derivation on 2I 
such that 
1. D(S) is G-invariant and 
da,(x) = ag 6(x) 
for all x E D(S). 
2. The fixed point algebra VII* is contained in D(S) and 
6(x) = 0 
for all x E ‘u”. 
It follows that 6 is the generator of a strongly continuous one-parameter 
group of *-automorphisms. 
Remark. It follows from the proof of this theorem together with the 
techniques used in the proof of Lemma 4.2, that the one-parameter group e*’ 
generated by 6 has the following form: Let rrO be an arbitrary faithful, non- 
degenerate representation of ‘LI*, and let z be the Stinespring representation 
associated to the completely positive map YQ, o PO, where P,: ?I -+ ‘3” is the 
canonical projection (see also [5, Lemma 2.21). Then, for each y E d there 
exists a possibly unbounded skew-adjoint operator v(y) affiliated with the 
abelian von Neumann algebra n(21a)” n @I~)’ such that 
for all x E 21a(y). 
x(e@(x)) = B(X) efuty) 
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Proof: Let ‘u”(y) be the spectral subspace of ‘u corresponding to the 
character y E e, and let 6, = 6(,,(,,,,o,. If x,y E ‘u”(y), then xy* E 
a”(r) 2P(y)* = 2P(y) cUa(-y) E 21a(y - y) = V(O) = ‘u” and hence 
6(xy*) = 0 
by hypothesis.’ It follows from the derivation property of 6 that 
and hence 
6(x)y” + xs(y*) = 0 
s(x)Y*y = -xs(Y*)Y, 
or 
6(x) k = xh 
for all x E ‘u=(y), where k = y*y and h = -6(y*)y. 
OBSERVATION 1. Assume y, , y, E ‘W(y) and define 
ki =Yi*yi, hi = -6(y,*)y, 
F 
a 9 
ia;:, 2. It follows that ki are positive and hi are skew-adjoint elements in 
h,k, = k,h,. 
In particular h, and k, commute. 
Proof. Clearly ki is positive, and as y,*y, E 2l” we have 
O = &Yi*ri> = &Yi*)Yi + Yirs(Yi). 
Thus 
and 
h? = 6( yi”) yi = -hi 
so h, is skew-adjoint. Both hi and k, are contained in U”(y)* 2la(y) E 21a. 
Next, one has y, yc E ‘%I” and hence 
0 = 4Y, Y2*) = 4YdY: +Y,&Y*)*. 
’ We define a”(y) a”(y)* = (C xiv:; finite sum, with x,, yi E ‘IIn(y Note that 
(n”(y)X”(y)* is an ideal in 21”. 
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It follows that 
and since y,*6(y,) = -a(~,)* y, we get 
h,k,-k,h,=O. 
In the rest of the proof we assume that 2I is realized faithfully as an 
algebra of operators on a Hilbert space S?. 
The next definition provides us with the main analytic tool for manufac- 
turing regular elements in the domain of 6. 
Define ‘u,“(y) as the set of finite sequences (y#= i = (y, ,..., y,), where 
Yi E ~YY) n W4 f or all i, such that there exists some constant C with 
for all r E 2. 
OBSERVATION 2. If yi E W(y)nD(iS), i= l,..., n, and f: [0, +a)-+ 
[0, +oo) is a continuous function which is zero in a neighbourhood of 0, 
then 
In particular, if 2I&(y) is the set of one-element sequences in ‘u:(y), then 
2l[,“,(y) is dense in P(y). 
ProoJ Assume that f(t) = 0 for 0 Q t < E, where E is fixed. As 
x1= 1 Y;“Yi E u”(-Y) %*(Y) E ‘u”, we have f(Cy=, u,*y,) E 2I” and hence 
Define k,=y,*y,, hi=-6(yr)yi, k=CyE,ki, h=C;=, hi, xf=f(k), 
yi,f=yiXf, kf= JJy= 1 ytfYi,f, and h,= -Cy= 1 &Y&I Yi,f* Note that 
Y~,~E D(6) since xI E ?I” c ker(d). We are going to show that (JJi,f)y= I E 
a;(y). Now k and h commute by Observation 1, and then xf =f(k) 
commutes with k and h. Furthermore, one has 
kf = xf kx,, h, = xf hx,, 
where the last relation follows from 6(x,) = 0. Thus k, h, x,, k,, and h, all 
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mutually commute, and they have a common spectral representation. 
Furthermore, asf(t) = 0 for 0 < t < E, one has 
kf = x, kxf =f(k) kf(k) > q-(k)* = EX; , 
and hence, working in the joint spectral representation (in which the 
commuting elements are represented as continuous functions on a particular 
space), 
!!L 
I I kf
&$Lf,w 
f & 
whenever the function k, is unequal to zero, and hf is zero whenever kf is 
zero. Since the spectral representation is faithful on the abelian subalgebra in 
question, our pointwise estimate of the Gelfand transform carries over to an 
operator estimate in the spatial representation. It follows that 
Ilh tll < Ilhllllk t-11 f ‘E f 
for all < E R, and thus ( Y~,~):= i E ‘u:(y). 
Let f be an increasing continuous function such that f(t) = 0 for 0 < t Q E 
and f(t) = 1 for t > 2.5, and let y = u I yl be the polar decomposition of y. 
Then 
II.Jvfll=II~IYI-~Iulf(lYl”)ll 
~IIIYI-lYlfw)ll 
< sup{t - q-(P): t > 0) 
Q/z 
Consequently, 2I&(y) is norm-dense in ‘W(y). 
For (~4 E ‘WY), let Etyrl be the range projection of Ci y,*vi. By the very 
definition of ‘%;(r) there exists a bounded linear operator vcYi), defined on 
E,,,,R by the requirement 
h = qy,) k, 
where h = xi -S(vF) yi, k = Ci y,*y,. But as 
6(x) k = xh 
for all x E a”(r), it follows that 
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for all x E a”(y). Let E, be the smallest projection in R containing the 
ranges of all elements in a”(y)* Un(y). As ‘ZI”(y)* ‘u”(y) is an ideal in 2l”, it 
follows that E, is contained in the center of {CUa}“. It follows from the 
polarization identity 
y*z = f i ik(y + ikz)*(y + ikz) 
k-0 
that E, is the supremum of the range projections Ecyij of the operators of the 
form xi v,*y,, where (y,) ranges over all finite sequences in cUa(y) n O(S). 
These projections clearly constitutes an increasing net, and hence this net 
converges strongly to E,, [3, Lemma 2.4.191. It follows from Observation 2 
that the range projections EcYi, associated to elements (y,) E ‘u:(y) are 
strongly dense in the set of range projections mentioned above, i.e., each 
range projection Eczij, where zi E am(y) n O(S) is the strong limit of an 
increasing sequence of range projections of the form Ecyi,, where yi = 
zI f(Cj z,Fzj) and f runs through a suitably chosen increasing sequence. 
Consequently, E, is the strong limit of a net of range projections EfYij, with 
(Yi) E 'zlttY)* 
Let D(u) = Uo,() Ecyi,, where (yi) ranges over ‘u:(y). It follows from the 
preceding remarks that D(v) is a dense subset of E,. Define a function 
u = u(y) on D(U) by the requirement 
for all (yi) E ‘u;(y). u is then a linear operator in restriction to each of the 
subspaces Ecyi,R, but as we do not know if the EcYi)‘s constitutes an 
increasing net we cannot assert directly that D(v) is a linear space and that u 
is a linear operator. 
OBSERVATION 3. The function v is well defined and closable, and its 
closure (also denoted by u) is a skew-adjoint linear operator on E/i?, 
affiliated with the center of the von Neumann algebra {a”(y)* U”(Y)}~.~= 
(VIQ}&. Thus, extending u to a densely defined operator on 8%” by settmg 
V( 1 - E,,) = 0, the extended u is skew-adjoint and affiliated with (‘?I* 1” n 
{W}‘. 
Proof: We first argue that u is well defined. Let <E D(u) and choose 
(y,), (zi) E a;(y) such that 
t E E,yi,x n -&,z. 
It follows from the relation 
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and the same relation with (y,) replaced by (zi) that 
for all xk, uk E V(y) n D(6). Letting ,Y$ atxk converge strongly to E, we 
conclude 
q,J = EyqyJ= EIq,J = q,J. 
It follows that v is a well defined function. 
As k = xi y,*y, is self-adjoint, h = -Ci 6(yT)yi is skew-adjoint and h and 
k commute, it follows by use of the Gelfand transform that v(,,~) is skew- 
symmetric for each (y,) E UC(y). 
We now show that u(,,~) is contained in the center of {Ua}” cut down by 
EcYiJ, when (y,) E ‘u;(y). We have 
&xl E, yi) = xu( yi) E, vi) = xuE, yij 
for all x E 2l[“(y)n O(S). If z E ‘u” and x E cUn(y) nD(6) we have 
xz E 21a(y) n O(S) and 
6(xz) = 6(x) z 
as 6(z) = 0. Define k = CF=i y,*y, and let f: [0, +a~)+ [0, +co) be a 
continuous function with f(0) = 0. Then f(k) zf(k) E U”, and we get 
Gf(k) d-(k)) = @V(k) zf(k). 
Butf(k) = E,,J(k), and hence 
d(k) d-(k) uE, yij = XuE, y J-(k) zf(k). 
Putting f(t) = t/c for 0 < t < E and f(t) = 1 for t > E one has thatf(k) + EfYij 
strongly as e--f 0. It follows from the above relation that 
and hence 
for all uk, xk E V(y) n O(S). By letting Ck a$xk converge strongly towards 
EcY,, we deduce that 
580/48/l-9 
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for all z E ‘u”. It follows that 
But, as the elements h = -xi 6(y”)yi and k = Ci y:y, are contained in %I”, 
it also follows that 
Hence vtY,) is contained in the center of {‘P},“,,,~ ; see [3, Lemma 4.3.131. 
Now we extend the definition of v (,,,) to arbitrary finite sequences (ri) in 
‘8”(r) n D(6). Let (yJ be such a sequence, and letfr: [0, +a~) --) [O, +co) be 
continuous functions such that f,(t) = 0 for 0 < t < l/1 and f,(t) > 0 for 
t > l/L Define Yi,l== y,f,(C,“,, Yj*Yj). Then (Y,,~);,, E ‘II:(y) by Obser- 
vation 2, and E tv,,,j = E, is equal to the spectral projection of Cy=r yTyj 
corresponding to the interval (l/1, +co). We extend Us,,, d = vi to all of Et,,, 
by setting vi(Ecyij -E,) = 0. Since E, is an increasing sequence of projections 
in {ael&,jy,, it follows that the center of {21a}&), together with {E, ; 
I= 1,2,...}, generate an abelian von Neumann algebra on E,,,,Z All the 
operators u, are contained in this algebra by the previous paragraph, and 
v,E,, = u,, when I > 1’. The u, thus defines a (possibly unbounded) skew- 
symmetric operator Us,,,) on lJ1 E,R by ut,,)El = u,. Since u(,,,) is skew- 
symmetric it is closable, and its closure (also denoted by utY,,) is affiliated 
with the abelian von Neumann algebra {21};(y,)n {YI};(Y,, by construction. It 
follows that u(,,,) 
. . . 
is skew-adjomt, i.e., U& = -u& in the sense of unbounded 
operators [ 10, 111. 
. . 
Now, the projections E,,,), where (yr) ranges over all finite sequences in 
P(y) n O(S), form an increasing net converging to E,. Furthermore, if 
Et?,) Q EC,,, then Et,,, commute with utzi), i.e., both ut,,) and o(,,~) are 
affiliated with the abelian von Neumann algebra generated by ({‘V}” n 
1W%~,,, and Etyl). Working in a joint spectral representation for utzi,, ufyi), 
and EtY,), one then verifies that utyi) = u,,,E,,,,~ in the sense that D(u(,& = 
O(uCzi,) n EC,&‘, and the operators utyi) and utzi) coincide on D(u&. The 
operators uCY,) therefore define a skew-symmetric linear operator u affiliated 
with ({V}” n {%a}‘)Ey, by the requirement 
UE (Yi) = U(Yj). 
Again, as v is affiliated with an abelian von Neumann algebra, it is essen- 
tially skew-adjoint, and one easily verifies that its closure identifies with the 
operator u of Observation 3. 
The operator u does not play an essential role in the rest of the proof, in 
fact we only make use of the skew-adjoint operators uY = uE, for y E 2I&(y). 
The operator v is important for the understanding of the action of 6; see the 
UNBOUNDED DERIVATIONS 125 
Remark after Theorem 4.1, Example 6.2, and the Remarks preceding 
Example 6.4. 
OBSERVATION 4. Assume that z E P(y) n O(S) and let f: [0, +m> -+ 
[0, +co) be a continuous function which is zero in a neighbourhood of 0. 
Define y = zf(z*z), and next x = yf(y*y). It follows that y, x E a$,(~), and 
x E D(P) for all n E N with 
P(x) = x(uEy)” = xu”Ey 
for all n E IN. 
ProoJ: We have x,y E 3$(y) by Observation 2, and as f(z*z) E ‘u” G 
ker(b) we have y E O(S). This again implies x E O(S) and 
6(x) E,, = XVE, . 
But 
WE, = &yf(y*y)) E, = &y)f(y*y) EY 
= Giy)f(y*y) = 4x) 
and hence 
6(x) = xvE, = yf ( y *y) uE,, . 
But f(y*y) uE, E ‘9I” by the following reasoning: vE,, = v,,E,, was defined by 
taking the quotient of the commuting normal operators h = -&y*) y and 
k = y *y in a joint spectral representation. But f (y *y) = f (k) and f is zero in 
a neighbourhood of 0, and hence f (y*y) vE,, = f (k)(h/k) becomes a 
continuous function in this spectral representation. It follows that 
f (y*y) vE, E 3”. Hence 6(x) = yf (y*y) uE, is a product of an element 
y E D(6) and an element in 9II” E D(S), and thus 6(x) E D(6) and 
S’(x) E,, = 6(x) vE,, 
= x(vE,)’ = xv2E, 
since u commute with E,. But 
6’(x) Ey = %yf (y*y) W) EY 
= 4y)f (y *y) vE,Jy 
= &y)f (y*y) vE, 
= 4yf (y*y) vE,J 
= 62(x) 
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and hence 
But now 
62(x) = x(vEJ2. 
4q* = Yf(Y*Yw,>’ 
and iterating the previous argument one has f(y*y)(~E,,)~ E ‘11”, and 
x E D(S3) with 
63(x) = x(vEJ. 
Continuing by induction, we obtain Observation 4. 
We are now ready to prove that 6, is a generator. Note first that the two 
operators *6, are dissipative by Lemma 4.3. Let z,y, x be as in Obser- 
vation 4. vE, is a bounded skew-adjoint operator on R, and we may define 
an operator valued function t E R + x(t) E L&Gi?) by 
x(t) = xe’L’Ey, 
Then IIxWll = IIXII f or all t, t--t x(t) is norm differentiable, and 
$ _ x(t)=xvE, = 6(x). 
t-o 
Furthermore, we have 
x(t) = X.P~ =yf(y”y) dUE,. 
Employing a joint spectral representation of h = --S(y *) y and k = y *y we 
deduce that 
f( y *y) etvEy =f(k) efchlk) 
is a continuous function in this representation and hence 
f( y *y) efuEy E 8”. 
It follows that 
x(t) = yf(y*y) etuEy E ‘u”(y) 
for all t. 
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By the same reasoning x(t) E D(S) and 
-$x(t) =yf(y*y) efUEYvEy 
= &x(t)). 
The set of x of the form in Observation 4 is dense in Us(y) by the 
reasoning used in the proof of Observation 2. If X0 is the linear span of such 
x’s and their translates x(t), then X,, c D(6,) and we have constructed a one- 
parameter group r1 of isometries of X,,, and d/dtl,=, r,(x) = 6(x) for all 
x E X0. As 6, is dissipative it follows that 1, is a core for 6,, and 6, is a 
generator (see [3, Corollary 3.1.7, and proof]). 
It follows from Lemma 4.2 that 6 is a generator. 
COROLLARY 5.2. Let G be a compact abelian group and a an action of 
G on a C*-algebra 2l. Let 6 be a closed *-derivation of ‘u such that 
1. S commutes with the action a. 
2. The restriction S, = Slam is an inner derivation of VI”. 
It follows that 6 is a generator. 
Proof: Let h = -h* be an element in VI” such that 6(x) = [h, x] = 
ad(h)(x) for all x E au”. The derivation 6’ = 6 - ad(h), defined on D(S), 
satisfies all the requirements in Theorem 5.1, and hence 6’ is a generator. As 
6 = 6’ + ad(h) is a bounded perturbation of 6’, we conclude that 6 is a 
generator [ 31. 
6. FIVE EXAMPLES 
Let ‘u = C,(X) be an abelian C*-algebra of continuous functions vanishing 
at co on a given locally compact Hausdorff space X. The space X is not 
necessarily a differentiable manifold, so closed .derivations 6 on ‘u exhibit 
features that do not have analogues in differential geometry. (Recall that all 
vector fields on compact P-manifolds are generators!) 
In this case,’ an action a:. G + Aut(‘U) is necessarily implemented by a 
continuous action of the group G on X. If the orbits under this action are 
closed, and if S is a closed *-derivation on ‘8 commuting with (h, G), then 
the condition 6,~ 0 in Theorem 5.1 has the geometric consequence that S 
propagates tangentially with the G-orbits (see [5] for details). More 
precisely: If M is an orbit, and if f E D(S) satisfies f I,+, = 0, then S(J)],, = 0. 
If G is compact (possibly non-abelian), then the G-orbits are automatically 
closed and we may infer that 6 is a generator ‘by [5, Theorem 21, but the 
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FIGURE 1 
tangential condition 6, = 0 cannot be replaced by the weaker condition that 
6, is a generator. In the following example 6 is transversal to the orbits, but 
satisfies the other assumptions listed in Theorem 5.1. In the example 6 is not 
a generator. (Note that when G is non-compact, the condition 6, = 0 does 
not generally have the interpretation that S propagates tangentially with the 
G-orbits; e.g., the I&orbits for the Kronecker flow on the two-torus I* are 
all dense, and hence the condition 6, = 0 is void.) 
EXAMPLE 6.1. Consider the two-torus T* = S’ x S’ with 2n-periodic 
coordinates (19, cp), and let X be the compact space obtained from TZ by 
compressing {(6’, (p): rr < q< 2n) to a v-interval [n, 2n] (i.e., the points 
VA9 cp> and (4, VP) are identified when 1~ < ~0 Q 27~). A version of X may be 
imbedded in 3-space as illustrated in Fig. 1. 
Let 6 be given the partial derivative a/@, and let G = T be the 2n-periodic 
translation in the e-variable. G has circular orbits when cp E (0, rr), and point 
orbits when ~0 E [A, 2n]. Clearly, 6 commutes with G, and 6, identifies with 
a/@ on C(T), i.e., 6, is a generator, but 6 is not a generator. In this case 
there exists a unique state on C(X) which is both G- and b-invariant, but 6 
does not even extend to a generator on the corresponding von Neumann 
algebra. 
The next example illustrates two aspects of the proof of Theorem 5.1: the 
independence of the skew-adjoint operator u = v(y) in uY = uE, of the 
particular elements y E W(y) used in the construction, and, secondly, the 
possibility of v(y) being unbounded. 
EXAMPLE 6.2. Let G = T ’ and X be as in Example 1, but now let 6 be a 
derivation tangential to the G-orbits, i.e., 6 = w(p) a/S’, where w(q) is a real 
function, continuous on (0, x) and zero on [rr, 27r]. If y E W(r) for 
y = m E Z, then y has the form 
~(4 9) = efmef(v). 
If m = 0, f is an arbitrary continuous function on I’; if m # 0, f is a 
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continuous function vanishing for Q E [x, 2x1. If y E ‘P(m) n D(S), and 
k = y *y, h = --a( y*) y, one computes that 
h(8, (P) = imw(p) k(8, v). 
The operator u = u(m) in the proof of Theorem 5.1 is related to the velocity 
W(P) of the vector field 6 = w(q) 8/M through the formula 
v(m)(& (0) = imwb). 
Since w  may be allowed to grow to infinity near 0 and n, v(m) may be 
unbounded. 
This example also illustrates the possibility that the inclusion Y.II”(y)* 
W(y) s I” may be proper, and that the elaborate method of constructing u 
in the proof of Theorem 5.1 cannot be shortcircuited. The same is true for 
the next two examples. 
EXAMPLE 6.3. Let G = T’ and 2I =M, = the full n x n matrix algebra 
over Cc. In this case there exists an operator N = N* E ‘ZI such that a,(x) = 
ef’Nxe-*N and by adding a scalar multiple of 1 we may assume Sp(N) c 7. If 
6 is a *-derivation there exists an h = h* E 2I such that 6(x) = i[h, x]. Then 
‘u” = {N)’ and hence the condition 6 lx0 = 0 means h E {N}“. The condition 
a,6 = aa, means h E {N}’ and thus the conditions of Theorem 5.1 are 
satisfied if and only if h E {N)” n {N}’ = (N}“, i.e., iff there is a function 
cp: Z -+ IR such that 
h = p(N). 
In particular, let ‘$I be the CAR-algebra over a k-dimensional Hilbert space 
and a is the gauge automorphism group, defined by 
cM.fN = e -“a(f) = a(e”f) 
[13]. Then 21=Mzk, and we may take N to be the number operator in the 
Fock representation. One then has Sp(N) = (0, 1,2,..., n), and hence there 
exists an n-parameter family of derivations 6 such that Slria = 0 and 
6a, = a,& However, for the CAR-algebra over an infinite-dimensional 
Hilbert space this situation changes dramatically; see Example 4. 
In the course of the proof of Theorem 5.1 we established that the skew- 
adjoint operators u(y) are affiliated with the center of the weak closure of the 
fixed point algebra U” in an arbitrary faithful representation of 2I. Hence, if 
this center is trivial all the u(y)% are scalars. Using the derivation properties 
of 6 one then immediately verifies that 
U(Y, + Y2) = e4 + 4Yd 
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for all yi, yz E G, i.e., u is an additive character on G with values in ilR. The 
Pontryagin duality theorem implies that there exists a one-parameter 
subgroup g, of G defined by the requirement 
(y, g,) = etucy). 
An easy computation shows that 
e’“(x) = ap,(x) 
for all x E VI, i.e., 6 is the generator of a one-parameter subgroup of the 
action of G on ‘u. This was proved for ergodic actions in [5] and for ergodic 
actions of T* in [ 121. It also illustrates the severe restrictions the conditions 
of our main theorem places on 6. A less trivial example of this phenomenon 
is the following. 
EXAMPLE 6.4. Let G = T’ acting as gauge automorphisms on the CAR- 
algebra over an infinite-dimensional Hilbert space, and let 8 be the 
infinitesmal generator of the gauge group. If 6 is a closed *-derivation on ‘u 
commuting with the gauge group such that 6],, = 0, we claim that there 
exists a constant p E IR such that 
This is in striking contrast to the case of the CAR-algebra over a finite 
dimensional Hilbert space in Example 3. To prove the claim it suffices, by 
the remarks before Example 4, to find a representation 7t of ‘u such that 
@I@)” is a factor. Let CUE be the Powers’ state on ‘u, i.e., We is the quasi-free 
state determined by the two point function 
QJ,(a*(.f) 4g)> = ~bf)~ 
where 0 < Iz < 1. It is known that Ok is a KMS-state for the gauge group at 
value /I = log(( 1 - n)/A) [ 13, Proposition 5.2.231. When 0 < A < 4, ~,~((u)” 
is known to be a type III factor. The action of the gauge group G extends to 
J” = 7cU1(%)“, and it is known that the fixed point algebra J$ of this 
extended action is a factor [ 14, Theo&me 4.2.61. Since the projection 
P,: ‘?I -+ Cu” extends to a u-weakly continuous projection #,: & +Jf; as in 
the proof of Lemma 4.2, it follows that z,~(‘?II”) is a-weakly dense in &, 
i.e., rcU1(21a)” =d;, and ~~~(‘8~)” is a factor. Thus zol, where 0 < 1 < $, is 
the representation we were seeking. 
EXAMPLE 6.5 [16]. There is an ergodic *-automorphism action a of 
F? = (-co, co) on a C*-algebra 2l, and a densely defined closed *-derivation 
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6 commuting with at for all t E IR, such that 6 is not a generator. Hence, the 
compactness assumption on G in Theorem 5.1 cannot be dropped. 
Let 2I be the even CAR-algebra over L*(iR*) =L2(lR) @L*(iR). Let 
{U,: t E (-co, co)} be the translation group in the first variable, and let H be 
a symetric operator in L*(lR) with deficiency indices (0, 1). Let 
{at: t E (-co, co)}, respectively, 6, be the second quantization of the unitary 
group U, @ 1, respectively, the operator 10 H, in L2(R2). Then aI is a quasi- 
free group of *-automorphisms in ‘u. It is norm-asymptotic abelian [ 13, 
Ex. 5.2.211 and so in particular ergodic. The quasi-free derivation 6 does not 
generate a strongly continuous one-parameter group of *-automorphisms in 
‘?I [ 171, but 6 commutes with alR and vanishes on the fixed point subalgebra 
2I[“, viz., GI. 
After finishing this work we recieved a reprint [ 151, where a version of 
Corollary 5.2 was proved in the special case that ?I” is separable, simple 
with unit, and each spectral subspace cUa(y) contains a unitary operator U(y) 
such that y+ U(y) is a representation of 6. In this case a simple argument 
shows that VI”(r) c D(6) f or each y, and hence our Theorem 4.4 applies. In 
many interesting cases the inclusion 21a(y) G D(S) does not hold, at least not 
a priori (cf. Examples 2 and 4). Our main Theorem 5.1 deals with precisely 
this problem. 
Our results in Section 5 have been announced in the American 
Mathematical Society Abstracts 2, No. 6 (198 l), 81T-46-465. 
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Note added in prooj Preprint [ 181 IS independent of the present paper. It announces that 
A. Kishimoto also has proved our Theorem 5.1, and it gives an outline of the proof. 
Kishimoto’s proof is based on similar ideas to ours, i.e., he uses spectral analysis on aI’( 
Zl’(y) to produce analytic elements for S. A byproduct of our proof is the detailed formula 
(following the statement of Theorem 5. I) for the exponentiated one-parameter group efS. 
The problem of our main theorem is considered in [ 191 in the more diflicult case where the 
gauge group G is allowed to be non-Abelian (but still compact). The generator conclusion for 
6 is obtained under an added restriction on the C*-algebra II that it be type I and separable. 
In [20], it is shown that the group S(co) of finite permutations of N is embedded into any 
UHF-algebra 2l of Glimm type nm such that the image lies in the fixed point subalgebra ‘u” 
of any product action a: G+ Aut(lI) of any compact group G. The theorem states that every 
derivation S, vanishing on S(co), and annihilated by the trace, is necessarily extendable to a 
generator. The applications include the problem considered in our Example 6.4. 
In 1211, a C*-dynamical system (‘II, a, G) is considered with G compact abelian. It is 
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assumed that ‘21 has an identity, and that P(y)* %O(y) = ‘II” for all y  E 6. If  6 is a closed 
derivation commuting with a such that S]aO is a generator on ‘u”, then Kishimoto and 
Robinson [21] show that S is itself a generator. The problem of finding a formula for the one- 
parameter group efd appears still to be open. 
K-R [21] also show that the conclusion of our Lemma 4.2 holds true without our 
assumption (3) on 6 and a. 
In [22], the present authors consider systems (91, a, G) such that the fixed point algebra II” 
is an AF-algebra. We then show that the implication from [21] holds true without the 
assumption on the spectral subspaces. Furthermore, we apply the theorem to gauge actions on 
quantum lattice systems. 
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